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(^ ■ Abstract 

00 ■ 

^^ ' Half-supersymmetric geometries of A^ = 2 five- dimensional gauged super- 

gravity have recently been fully classified using spinorial geometry tech- 

^ ' niques. We use this classification to determine all possible regular half- 

j^ ■ supersymmetric near-horizon geometries, assuming that all of the gauge- 

invariant spinor bilinears are regular at the horizon. Four geometries are 
found, two of which have been found previously in [H [2] 



1 Introduction 

Half supersymmetric solutions of gauged N = 2, D = 5 supergravity for which at least 
one of the Killing spinors generates a timelike Killing vector, were recently considered 
in [31 H] . The solutions found fall into six classes. In all cases, the spacetime metrics 
are represented by 

ds^ = f{dt + nf-f-^dsl (1.1) 

where dsg is the four dimensional base manifold. The Killing vector d/dt is a symme- 
try of the full solution, / is a t-independent function and f2 is a t-independent 1-form 
on the base manifold B. In addition to the metric, the solutions are also specified by 
scalar fields X^ and Abelian gauge field strengths F^ . A summary of these solutions 
is given in the Appendix. 

The starting point in the analysis of [3] is the construction of Killing spinors as 
differential forms [5], [6l [7] . Gauge symmetries are then employed in order to simplify 
the spinor as much as possible; this approach was originally used to analyse higher 
dimensional supergravity solutions in [SI [9], |TOl [11] . The conditions for the solutions 
to admit one time-like Killing spinor U are then obtained. Such conditions restrict the 
base manifold B to be Kahler. The half supersymmetric solutions are then analysed 
by substituting the conditions for the existence of one time-like Killing spinor into the 
generic Killing spinor equations. We remark that all backgrounds preserving half of 
the supersymmetry automatically solve all of the equations of motion, provided the 
gauge fields satisfy the Bianchi identity. This is not the case for solutions preserving 
only 1/4 of the supersymmetry. Furthermore, the Killing spinor equations, when 
expressed in terms of Dirac spinors, are linear over C. This implies that the allowed 
fractions of preserved supersymmetries are 1/4, 1/2, 3/4 or 1. A great amount of work 
has been devoted recently to classify and study all these solutions (see [12]- [21]). The 
only maximally supersymmetric solution is AdS^ with vanishing gauge field strengths 
and constant scalars. 

In this paper we consider black hole solutions oi N = 2,D = 5 gauged supergravity 
coupled to an arbitrary number of Abelian vector multiplets. We will assume that our 
black holes are supersymmetric and asymptotically AdS^ with a single connected hori- 
zon. The reasoning given in [22] implies that such solutions have a time-like Killing 
spinor. Therefore these solutions must at least preserve 1/4 of the supersymmetry. 
In addition, we assume that the solutions exhibit enhancement of supersymmetry 
in the near horizon limit. As it has been shown that 3/4 supersymmetric solutions 
are locally AdS^ with vanishing gauge field strengths, we shall therefore concentrate 
on half-supersymmetric solutions classified in [3] and further simplified in [1] and we 
make extensive use of the results of these papers. 

In our analysis, we shall assume that the scalar fields X^ are smooth in some 
neighbourhood of the horizon, and that all of the Spin{4:, 1) and U{1) -invariant bi- 
linears constructed from the spinors are regular at the horizon. The Killing vectors 
constructed from the Killing spinors can be timelike or null. As the horizon should be 



^We refer to time-like Killing spinors as those spinors that generate time-like Killing vectors as 
bilinears. 



preserved by the Killing vectors, the Killing vectors must be tangential to the horizon 
and must become null there. Using these constraints, we obtain necessary conditions 
for the half supersymmetric solutions of ^ to describe regular near horizon geome- 
tries. It is found that the constraints are incompatible with five of the six classes of 
solution found in [3J, and hence these classes cannot describe near horizon geometries. 
The remaining class of solution provides four possible near horizon geometries, two 
of which have already been found in [U [2] . 

Our work is organised as follows. In section 2, we study the regularity of gauge 
invariant spinor bilinears. This immediately excludes two classes of solutions of [3] 
as horizon geometries. In sections 3, 4, 5 we investigate the constraints that the 
existence of a horizon imposes on three other classes of solutions in [3], and prove 
that these solutions cannot contain regular horizons. In section 6, the remaining 
class of solutions is analysed, and four types of possible near horizon geometry are 
constructed. In section 7, we analyse some aspects of the causal structure of the two 
solutions found in section 6 which were not obtained in the classification in [H [2] . In 
section 8 we present our conclusions. 

2 Spinorial Regularity 

We follow the notation of [3J and denote the Killing spinors by complexified forms on 
M^. In particular, 

e' = /, 6^ = /e^^ 

V = X + fx^eP + ae^^, rf = -a* - ei0)*e^ + \*e^^. (2.1) 

The horizon H corresponds to the hypersurface / = 0. Let B be the Spin{4, 1) invari- 
ant inner product on spinors given in [19]. We shall impose a "spinorial regularity" 
condition on the solutions. The spinor components transform under gauge transfor- 
mations and thus cannot individually be taken to be regular at the horizon. We shall 
require that all gauge invariant spinor bilinears are regular at the horizon. 

In particular, this implies that i3(e\e^), Birf.rf), B{e^,rf) — B{e^,rf), B{e^,rf) + 
B{e^,iif) are regular. Moreover, observe that these scalars are both Spin{4, 1) invari- 
ant due to the Spin{A, 1) invariance of B, and also U{1) invariant; where we recall that 
under f/(l) transformations, symplectic Majorana Killing spinors 77^,77^ transform as 

7]^ -^ cos 6*77^ — sin ^r]^, 

?7^ -^ sinOri^ + coser]'^ (2.2) 

where 6' G M, so that rj^ + ir]"^ -^ e*^(?7^ + ir]"^). 

Observe also that B{e^ + ie^,?7^ + irf)B{t^ — ie'^,r]^ — irf) is Spin{4, 1) x f/(l) 
invariant. Evaluating these scalars in the basis used in [3], we observe that /^, 
|A|2 + lap - |^i|2 - |^2|2^ f(^x + A*), fia + a*) and /^((A - A*)^ + (a - a*)^) must 
be regular at the horizon. Hence /^(lAp + |crp) and /^(|/i^p + |/i^P) must also be 
regular at the horizon. 



Furthermore, recall that the spinors e^, e^, rj^, 7f generate two globally well-defined 
Killing vectors with components i3(e^,7'^e^) and B{7f,'^^^7f). These Killing vectors 
have norms /^ and (|Ap + |crp — |/i^p — |/U^p)^ respectively; so they are therefore 
either timelike or null. The horizon should be preserved by the Killing vectors which 
must therefore must be tangential to the horizon. It follows that 

/ - 0, 
|A|2 + |ap-|/|2-|/iT -- 0, (2.3) 

at the horizon. Next note that 

K^ = 2/^(|/.ir + l/^T) = 2/^./^(|/iT + l/^T)- (2.4) 

Hence K^ ^ as f ^ 0. 

These conditions can be used to immediately exclude solutions of type (4), because 
they have / = 1, and also solutions of type (6) are excluded, because for these 
solutions it has been shown that K^ is a non-zero constant (see the Appendix). 
Hence it remains to examine solutions of type (1), (2), (3) and (5). 

3 Near-Horizon Analysis of Type (1) Solutions 

For these solutions, we first recall some useful relations presented in [5]. The v co- 
ordinate is related to K^ via [3] 

and hence, at the horizon, f — > 0. Furthermore, cosF and siny are defined in terms 
of the spinor components via 

,„.y^ He(;^^(A;ff . s...r^ -",^^'y' (3.2) 

1-^1 + W\ \M + W\ 

with A, a constrained via 

Im (Aa) = 0. (3.3) 

To proceed, it is convenient to define S by 

H^ = c\^r'' + E (3.4) 



and note that equations (1A.2P and (]A.3P imply that 



-= = -^ COS Y, -= = -enh sin^ Y. (3.5) 

ov ou 

Next observe that 

S = 2/2(|/p + |/iT)(|Ap + kP - l/iT - l/^T) (3.6) 

and hence S is regular, and S — i> at the horizon. There are then two possible cases, 
according as to whether the constant 6 is zero or nonzero. 



3.1 Solutions with ^ 7^ 



In the first case 6* 7^ 0. Then recall that 



-2x. X ( ^ , A.r , <ii 



c \0v J V 

for constant qj. This expression implies that 

/-2(i + ^ViX\\\\^ + \a\^ - |/|2 - |^2|2)) = f ^ _ ^v^) X' (3.8) 

6* \v c / 

This implies that at the horizon 



vr' ^ /i (3.9) 



where /i is a regular function. 

Furthermore, one also finds that 



vf-' U, + ^(|Ap + lap - l/p - I^T)^/ ] = -f ^^/ + qi (3.10) 

so that if Xihor denotes the restriction of Xj to the horizon, 

hXihor = qi- (3.11) 

If /i = at any point of the horizon then qj = for all /. In this case 

Xj = -^f\l + ^)Vj. (3.12) 

c &v 

Then from the constraints of the very special geometry, 

f (ri- + lj =6 (3.13) 

for constant 6. However, note that /^Sf ~^ — >■ at the horizon, and so 5 = 0. This 
implies that 

E = -ev . (3.14) 

But then ^ = 0, which implies that sinF = 0; however for this class of solutions, 
sinF 7^ (see the Appendix, also the original derivation of the solutions in [3]) . 
Hence h ^ on the horizon, and we can write 

Xihor = h'^qi (3.15) 

on the horizon. The constraints of very special geometry force h to be constant at 
the horizon, and hence without loss of generality, we can set h = 1 on the horizon, 
so that 

Xihor = qi ■ (3.16) 



Next consider vH"^, note that one can write 

vH' = ^/^(|Ap + WmWf^'l' + l/iT))' (3.17) 

hence vH"^ is regular at the horizon. Furthermore, 

vH^ = Ev + ch'^f-^ -^ c^ (3.18) 

at the horizon. In addition, 

oosy-i^^( ^>--':"/^^'n (3.18) 

so it follows that cos Y is also globally well-defined and regular in some neighbourhood 
of the horizon. 

To proceed, recall that we have shown that the scalars Xi should be constant on 
the horizon. However, we are assuming that the half-supersymmetric solution we are 
investigating is already the near-horizon limit of some black hole (or ring) solution, 
so taking the near horizon limit of the scalars twice will not alter them, i.e. we must 
take Xi = qj for our solution. This implies that 

- -/'(f + 1)^/ + ifv-' - l)qi = 0. (3.20) 

c &v 

If /^t'~^ = everywhere then S = —9v and again ^ = implies that sinF = 0, 
in contradiction with our assumption that sinF 7^ 0. Hence, there is a (non-zero) 
real constant 6 such that qi = 6V1, and so 

-^f{^ + l) + 5{fv-'-l) = 0. (3.21) 

c uv 

Note that X^Vj = 6-\ 

It is convenient to rewrite (13.51) using the expression 

E = -ev + —il-f-'v) (3.22) 

A. 



to give 



= (cosF-1), 

ov be 

dF y 0,00 a 6c6 , ,, , , 

-— = ^sm^Y(c^F^-ev^ + v(l-F)), 3.23 

ou oc X 



and 

dV sin Y 



See ,. ^,,{SxcS~'F'-ev), 



dv [c^F^-ev^ + ^-fv{l-F)) 

dY 5c6 

—- = smY(2xc6"^F^ + 9v + (F - 1)) + smY cosY(3xc6"^F^ - 9v), 

ou X 



(3.24) 



where we have set F = vf~'^. F is regular in the near-horizon geometry and F ^ 1 
at the horizon. 

The equations fl3.23p and (13.241) imply that 

^ic'F' - ev' + ^.(1 - F)) = {-2^-f - -&')i3xcS-'F' - Ov) (3.25) 

which can be integrated to give 

^(c^F^ - ev^ + —v{l - F)) - — (F - -F^) + 2xcriF3 = G{u) (3.26) 
dv X X 2 

for some function G{u). Acting on this expression with ^ we find that G must be 



(3.27) 



constant. Set G = 


= k. 












We therefore find 
















dF 

dv 


{k+^''{F 


-iF' 


^) - 2xc5 


-iF3) 




{c^F^ - 


ev^ + 


M,(i_ 


F)) 


and note further that 


fl3.23p also implies 


that 






dF 


(4cx'F3 - 


- 25^c0{F - 


iF2) 


- 2kx6) 





du 



Ax^6{-c^xF'^ + Oxv'^ - 5c9v{l - F)) 

26^c^e{F - -F^) + AxScev{F - 1) + AOx^v^ - 2ckxS). (3.28 



One can use (13.281) to change co-ordinates from {u, v) to (F, v) and hence obtain 
an explicit expression for the metric. Setting F = 1 + y we find 



ds' 



[i + yy 
1 



dt 



12 



-(2c\(l + yf - Oxv^ - 6cevy)dt'c 



x'ii + yr 



Xc{l + y)'^ 
i{4:cx^v + 2(5c\y)(l + yf - {5^cB + 2kx5)v)dt'dw 



9'^{xv + dcyY" 



4x^c2(l + ?/)2 
9 



6{2kx + 6ce){4cx\l + yf - S^cO - 2kx6) 
4x^(1 + ?/)' 



dw 



2cx'{l + yy 



-{6^00 + 2kSx){Scy + xv) + C^X c Sy + 4x cv){l + yY)d4>dw 



:i+y) 



c^5'^6{y'^ — V) — 2ckxS + Ax0v{6cy + xv) 
ixcS\l + y)ic\{l + yf - exv^ - dcOvy) 



{Ax dv^ + A5cxdvdy) 



{c^^e{y^ 



2ckxS + Ax0v{6cy + xf )) 
^ -dy'. 



(4cx2(l + yf - 2kx6 + 52c^(y2 _ i)) 



(3.29) 



Next consider the Killing vector -^ ~ ^-§i- It is straightforward to show that the 
norm of this vector tends to 1 as v — »• and y —>■ 1, so the Killing vector is timelike 
at the horizon; this then implies that this geometry cannot contain an event horizon. 



3.1.1 Solutions with ^ = 

For solutions with 6' = 0, H is constant. However, the requirement that S ^ at the 
horizon fixes S = everywhere, and hence H^ = c^v'^f~^. It is then straightforward 
to integrate up equations (IA.2p and flA.3l) (setting 6* = 0), to find 



t;-^^ = ,5(1 + cos r) (3.30) 

for constant 5 > 0. Next note that 

cosy + 1 = ^v-'f{f{\ + \*f + f{a + a*)2) (3.31) 

v2c 

which implies that 

V2c6-^v-^f^ = f{X + X*f + f{a + a*)^ (3.32) 

and hence f ~^/^ is regular (and in particular bounded above) in some neighbourhood 
of the horizon. 
Next recall that 

^r^ = — /^(l/P + l/^T) (3.33) 

c 

which is also regular at the horizon. In order for v~'^f^ to be regular, f /~^ cannot 
vanish at any point of the horizon. Hence w~^/^ is also regular in some neighbourhood 
of the horizon. Therefore, from 03.3ip . cosl^ is also regular in some neighbourhood 
of the horizon. 

It is also straightforward to show that from the constraints given in the Appendix 
that 



Defining 



r.2 



y = V — -u, z = V + —u, (3.35) 



we observe that f /~^ and Xj depend only on y and not z. The remaining content of 
( JA.51) can be then written as 

-^(FXi) = -^Vi(2 - 6-^F-^) (3.36) 

dy c 

where F = vf~^. Observe that this equation implies that 

^. - (f ) y. ^ ^- (3.3T) 

This equation, together with the constraints of the very special geometry, can be 
used to fix the function -^ in terms of F, and hence Xj in terms of F. It remains to 



compute the spacetime metric: we find 

ds^ = ^dt'^ - 2cFdt\d<i) +\-— ($) +v{-2 + r iF-3)l dw) 
_^F(2 - 5-'F-'')dw^ - ^dv' - -^^dvdF 

dF\ (3.38) 



(xV}X^)2(2 - 5-1F-3 



Now consider the Kilhng vector 4: — h^- This has norm v'^F ^ + cF which tends 



dt 2, 

2 



to cF on the horizon. However, by the definition of the co-ordinate v in terms of K 
in (13. ip . it follows that cF is positive everywhere on the horizon, so this Killing vector 
is timelike on the horizon. Again, this implies that this geometry cannot contain an 
event horizon. 



4 Near Horizon Analysis of Type (2) Solutions 

For these solutions, the co-ordinate v is again related to K^ via 



so f — *> at the horizon. The scalars satisfy 



(4.1) 



Xi = f[ ~^-^Vi + ^ ) (4.2) 



c 



K^ 



for constants pj. Suppose that p/ = for all /. Then Xj = ——pVj. The constraints 
of very special geometry imply that /^ must be constant. However, /^ — i> at the 
horizon, so / = everywhere, in contradiction to our initial assumption. Hence, as 
not all Pj are vanishing, and the scalars are regular in some neighbourhood of the 
horizon, it follows that j^ must also be regular in some neighbourhood of the horizon. 
Furthermore, 

^ = 2f{\p'\^ + \pr) (4.3) 

which is also regular. It follows that both j^ and ^ are regular, and non-vanishing 
in some neighbourhood of the horizon. 

Moreover, we find that Xj — > j^pi at the horizon. This implies that j^ is constant 

on the horizon, without loss of generality, we can set ^^ = 1 on the horizon, so that 
Xj = Pi on the horizon. However, by assumption, Xj is already in its near-horizon 
limit, so we set Xj = pj. Hence we find 

-f^-^'(^-7^)- (") 



As not all pi are zero, there exists a constant 5 such that 

j2-^2=^ (4-5) 

so that — -Vi = 6pj. If 5 = 0, then Vj = for all /, in contradiction to the 
assumption that not all Vj vanish. Hence 6 y^ 0. Note that 



P 

-2 _ J__ 

1-6P 



K' = T^^TT^ (4-6) 

and hence 



1 + v2ocf 
We then obtain the spacetime metric explicitly; if ^ 7^ then 



V2\ce\ \V2c{ev^ + ^^{l + V26cv 



(4i 



and if ^ = 0, 



ds^ = ^ dt'^ + 2V2c^(l + V2Scv)dta^ 

(1 + V26cvy 

- V2c^l + V25cv) {{a^f + {a^f) - %--,dv\ (4.9) 

(1 + y2ocvY 

In all cases, it is straightforward to see that one can choose an appropriate linear 
combination of ^ and o"^ in order to obtain a Killing vector which has a positive, 
non- vanishing norm in the limit v ^ Q. Hence these geometries cannot contain an 
event horizon. 



5 Near Horizon Analysis of Type (3) Solutions 

For these solutions, the co-ordinate v is again related to K^ via 

so f ^ at the horizon. Also recall that the scalars X^ are constant. Then the 
constraint 

-IG- ^^"('^1' + 1^1') + 3v^^rV,X^ + -|r^ = (5.2) 



can be rewritten (taking without loss of generality K^ = p) as 

- OK^ - V2c(|Ap + lap - l/i^p - l/i^n + ?,^xViX' = 0. (5.3) 

Taking the limit of the LHS as one approaches the horizon, we obtain the constraint 

ViX^ = (5.4) 

hence we note that these solutions cannot arise in the minimal gauged supergravity. 
It is convenient to define 

A = ce- l=x'Q''VjVj. (5.5) 

Then if A 7^ 0, the metric is 

A V2A2 

^ dv' - -l—{{a'f + {a'f) (5.6) 



i - V2cev^ V2\A 

and if A = 0, 



ds^ = 2cVrft2 + 2cdta^ + V2c9{ay - ^ dv^ - {{a^f + [a^f). (5.7) 



2 



y^cev"^ 



Again, in all cases, one can choose an appropriate linear combination of ^ and a^ 
in order to obtain a Killing vector which has a positive, non-vanishing norm in the 
limit V -^ 0. Hence these geometries cannot contain an event horizon. 

6 Near Horizon Analysis of Type (5) Solutions 

For these solutions, 

^2 ^ ]_^V2e'^ (6.1) 

and hence ip -^ ~oo at the horizon. To proceed, we must consider the cases for which 
(ImA)^ + (Im a)^ ^ 0, or Im A = Im a = separately. 

6.1 Solutions with (Im A)^ + (Im a)^ j^ 

To proceed with the analysis of solutions for which (Im A)^ + (Im cr)^ ^ 0, note that 
there exist constants C3, C4 such that c^ + cl = g'^ ^ 0, and one obtains constraints on 
the spinor components [3j: 

C3(A + A*) + Ci{a + a*) = 2gHue^'^^'^ , (6.2) 



10 



and 



It follows that 



C4(A + A* 



uQ 






(6.3) 



i/r+i/"T 



|AP 



O" 



4^ 



-V2g^ij 



2u- 



2n2n 



+ m"(^' + 7i:' 



n^Q 



-gH\'e^''^. 



Therefore 



1/^ 



1|2 + 1^2,2 _ |;^|2 _ , |2 ^ _^^2g-V2,V _ ^2^2^2gV2,V. 



4f?' 



Next note that 



K■'f-■' = 2n\^^'\''+\^^ 



.2|2\ 



U 



Hence u ^ must be regular at the horizon. 
Consider the constraints on the scalars: 

X 



u-'Xi 



Q^ 



QVi + g/, 



(6.4) 
(6.5) 
(6.6) 

(6.7) 



as the left hand side of this expression is regular at the horizon, and not all of the V/ 
vanish, it follows that Q must also be regular at the horizon. Then from (1A.23I) we 
see that Q^ + IH? must also be regular at the horizon. Furthermore, as 

1 



C4/(A + A*)-C3/(a + a*) = -M^Q, 



Q^ 



{Q.i 



u^Q must also be regular. 

To proceed further, note that 



Xi = u'{ ^^QVi + qi]. 



(6.9) 



Then there are two possibilities. If at least one qi ^ 0, then regularity of the scalars 
Xi and of u^Q implies that v? is also regular at the horizon. In the second possibility, 
g/ = for all /. Then 

(6.10) 






which together with the constraints of very special geometry, implies that u'^Q is a 
(non-zero) constant, and the scalars Xj are also constant, with ViX^ ^ 0, and 



X 



1 = ^u'QVjX'. 



(6.11) 



In order to obtain additional constraints on the function u, observe that 

QijF;^,F"^^ = 2u'g' + 9x'Q"VjVj(-j^Q'u' + A+^^u''] 

-l2xViX^Qu^ + 2u^Q^ + ^u\ (6.12) 



11 



This expression must be regular at the horizon, as a consequence of the Einstein 
equations (together with the assumption that the scalars are regular at the horizon). 

We have already shown that u~^ is regular near the horizon. Suppose then that 
we are in the case for which Qu"^ and the scalars Xj are constant. Suppose further 
that M~^ ^ at some point of the horizon. Then there must exist a sequence of 
points Pn tending towards the horizon such that u{pn) —>■ oo as n —>■ oo. So consider 
f l6.12p at these points. The LHS must be regular at the horizon, however the RHS 
diverges; if ^ 7^ then the divergence is as u^, whereas if ^ = then the divergence 
is as u'^. In both cases there is a contradiction. Hence m~^ is bounded below by a 
nonzero positive number on the horizon. It follows that u"^ is also regular near the 
horizon. 

Finally, note that if ^ > then the RHS of (16.41) tends to — cxd at the horizon, 
whereas the LHS tends to zero. Hence we must have ^ < 0. 

Having obtained these results, we are now in a position to write down the near- 
horizon metrics in Gaussian Null co-ordinates; let ^ = —L^. For the case with L > 0, 
make the following co-ordinate transformations: 



gV2eV 



t' = t + 



z' = z ^— log(M^r). (6.13) 

v2L 



In the new co-ordinates, the metric is 



ds' = L'uS\dt'Y + 2dt'dr 



+ 2rdt' 



2u-'^dQ - -^(Qd<f) - g-^(2g\-'' - L^)dz') 
dQ V^Q^ 



{—L^ + 2q^u^^) 2 

(6.14) 

Although it appears that ^ is a free parameter of the solution, one can without loss 
of generality set ^ = 1. To see this, make the rescalings 

u = Q~'^u, qi = Q^qi, Q = g^Q, 

L = g^L, = ^-20, z' = g-'^z', (6.15) 

and then drop the" , one then obtains the solution with ^ = 1. In the case for which 
the scalar manifold is symmetric, this solution has been been found in [2], it is the 



12 



"non-static" near horizon geometry with non-constant scalars. To see this, recall that 
when the scalar manifold is symmetric, one has the identity 

^C"^X,XjX^ = 1 (6.16) 

where 

It is then possible to construct the metrics explicitly. As mentioned previously, 
we shall set £i = 1 without loss of generality. To proceed, it is convenient to set 

e = \c''''ViVjVk (6.18) 

and we assume that ^ 7^ 0. Also define Kj^ x by 

where C > is constant. Next, define 



9 



a^ = ^C^-^^KiKjVi 



so that 



where 



«2 = i^C''''KiVjVN , (6.20) 



^-6 = \c^H (6.21) 

8 

H = x^ + 3d2X^ + 3dix + do . (6.22) 



Then, on defining 

. 4Ao , 1 



z 



-C^x^, (p = -V2^xx^, t' = -V, (6.23) 



C4 ' 4v^Ao 

where Aq > is constant, we recover the metric found in [2] q 
In the special case when L = 0, it is convenient to define R by 

t = e-'^^'^R (6.24) 

and note that (16.41) implies that 

/'(l/iT + l/^'l - |Ap - Wl') = -g'R^ (6.25) 



^Up to a constant shift in the x co-ordinate, which can be used to set 02 = 
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so it follows that i? ^ at the horizon. The metric in the new co-ordinates is given 

by 

a/2 
ds"^ = u\dR-V2g'^Rdilj?-^u\dR-V2g'^Rd^)(Qdcf>~2gu-^dz)-u-^dip^ 

g^ 

+ (^^"VQ2 - n-2)d02 _ 1-8^-2(2^-6 _ ^-4g2^-l^g2_ (q_26) 

Again, one can rescale and set ^ = 1 without loss of generality; the rescalings are 
given by 



u = g '^u, qi = g^qi, Q = g^Q, (f) = g ^<^, 

ip = g~^^, R = g^R, z = g'^, (6.27) 

and on dropping the" , one obtains the solution with g = 1. 

6.2 Solutions with (Im A)^ = (Im af = 

When Im A = Im a = 0, and set r = e^^^ ^; one obtains 



ds'^ = r 



dt - ^^^'^ (d(j) + (3) 



[dc^ + ^f - -^dr^ - ds\M) 
Zg^r^ 



(6.28) 



where the scalars X^ are constant, and the constraints on ds'^{M) and /3 are given in 
the Appendix. It is convenient to define 

S = -^ViX'. (6.29) 

Note that in order for the metric (16.281) to describe an event horizon, ^ cannot 
be timelike at the horizon; this implies that 5^ — 1 < 0. Consider first the case 5^ < 1. 
On defining the co-ordinates t', (p' by 

t = t + -^ — , 

V2g^r 

one can write the metric in Gaussian null co-ordinates: 

/2 

ds^ = r\dt'Y-26rdt'(d(p' + P) + di'd.r 

^ ' V v^ f-; ^2^/r^^ 

+ {6^~l){d^' + pf-ds\M). (6.31) 
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This class of solutions corresponds to the second class of "non-static" solutions 
found in [2], when the scalars are constant. It is straightforward to see that the 
geometries are isometric, by making the identification 

t' = -V2g^VT^^v (6.32) 

and setting 

A = V2g^VT^^, Z^ = Vl^^idcP' + p), (3= ^ ^ a, (6.33) 

V 1 — (5^ 

and noting that 



A^ + /A = 2q' + ^x^Q'' - 2X'x')VjVj = "-^^'^R . 


(6.34) 


In the special case of 5^ = 1, it is convenient to define R by 




t = 5e"^^'^i? 


(6.35) 


and define 0' by 




(6.36) 


It is then straightforward to show that 




f(|/2+/i^ -lA^- a\') = -g'R' 


(6.37) 



so i? ^ at the horizon, and the metric in the new co-ordinates is 

ds"^ = {dR - V2g'^Rdij){-2{d(j)' + /3) - V2g'^Rd^) - dtp^ - ds^{M). (6.38) 

7 Causal Structure 

In this section, we analyse the causal structure of the two classes of possible near 
horizon metric (16.261) and (I6.38P which do not correspond to solutions constructed in 

BE]. 

To proceed, consider causal geodesies in the spacetime given by (16.381) which pass 
through the horizon. As ^ is a Killing vector, one finds that 

R-V2g'^Rip = ki (7.1) 

for constant ki, where ' = ^, and r is the affine parameter. We assume that the 
geodesic passes through the event horizon in a finite afiine parameter. Then the R 
component of the geodesic equation can be written as 

^{-2{<p' + p)-V2g''Rij)+V20''ij{-2{<j)' + (3)-V2Q''Rij) + V2g^k^ij = 

(7.2) 
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where j3 denotes the restriction of the l-form (3 to the worldhne of the geodesic. 
Hence, 

- 2(0' + /3) - V2Q^Rij = -ki + /tse-^^'^ (7.3) 

for constant k2- Next, the ip component of the geodesic equation imphes 

4^^i?V + 2V2g'^R{(t)' + f3)-2ijj- V2g'^RR = k^ (7.4) 

for constant k^. Using (17. 3p this constraint can be simphfied to 

- 27/' - V2g^k2Re-'^^'^ = k^ (7.5) 

It is straightforward to see that ^3 7^ 0, because ^3 = imphes that —2ip = k^. 
However, this is not possible, because one must have ip -^ —00 at the horizon. 
Hence, on combining (17. 5p and (17.11) . we obtain 

^ = -^g^k^k2e-^''^. (7.6) 

V2 

If V is the tangent vector to the geodesic, then 

V^ = -kl - ^2 + k.k^e-^'^'^ - \vIjI (7.7) 

where Vm denotes the portion of the tangent vector pointing in the directions corre- 
sponding to the 2-manifold M. Hence, for causal geodesies, one must have kik2 > 
(otherwise, one is forced to take t/) = 0, in contradiction to the fact that ip -^ —00 at 
the horizon). On integrating (17. 6p we find 

- 7/;2 + kik2e-^^'^ = ki, (7.8) 

for constant ^4. Moreover, as 

V^ = -kl + k,-\Vi,l (7.9) 

it follows that for causal geodesies, one must have ^4 > (otherwise, one must have 
fci = 0, again giving a contradiction). Then (17. 5p implies that 



R = -^ e^''^{ -k3± 2Jkik2e~^e'^ - kA (7.10) 

\j2g^k2 

so, as expected, i? — > as ■?/' -^ —00. Finally, on integrating (17. 8p one finds that 



g^ 



(V¥-(#<^--») <-^= 



for constant Tq and hence 



R = ^-^( -k,sm'{^[?f{r-ro)) 



1 kl 
V2^k2 



± 2v/^sin(y^(r-ro))cos(y^(r-ro))). (7.12) 
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The geodesic passes through the horizon when sin {y ^^{'^ — tq)) = 0. 

Next, consider the geodesies of the metric fl6.26p . We set f? = 1 without loss of 
i;j-,, A^^ d^ d g^j^^ _d_ g^j^g Kilhng vectors, there are three constants ki,k2,k^ 



satisfying 

u~^{R-V2Rip) = ki, (7.13) 

- V2Qkiu'^ + {u^Q^ - 2u-^)<j) = k2, (7.14) 

- 2V2Ru^ki + 2Ru^{Q(j) - 2'u"^i) - 2n"V = h, (7.15) 
and the R component of the geodesic equation can be integrated up to give 

- -^{h + 2u~^) = fc4e-v^^ (7.16) 

for constant k^. On evaluating the norm V"^ of the tangent vector to the geodesic one 
finds 

V^ = -klu' + k,k,u^e-^^^-u~^i;^ 

i{h + V2hQy^ I ,2 Q' .7^7^ 

2 m4Q2_2m-2 +2^ Q2_2«-6- ^- ) 

In addition, as the Killing vector ^ must be either null or spacelike on the horizon, 
Q^ — 2u~^ cannot be positive at any point of the horizon. Hence, for the geodesic to 
be causal, we must have kik^ > {kik^ = would force ip = 0, which is not possible, 
as V' ~^ ~oo at the horizon). 

It is then straightforward to integrate up (I7.13P and (17.161) to find 

R = ^-^ ( - A;3 ± \j^kxk^e-'^^ + A;| + 2^k^k^ , (7.18) 

for constant kr^. Moreover, we also find 



kxk^v?e~^^ - u-^^ = -^u\kl + 2V2kik^). (7.19) 



Hence, by comparing with (I7.17p . it is clear that for causal geodesies, one must have 
k1 + 2\/2kik^ < 0. Finally, it is useful to make a change of parameter from r to y, 
where 

u^ , (7.20) 



dT 

from the properties of u derived in the previous section, this change of parameter is 
well-defined in some neighbourhood of the horizon. Then (I7.19P can be rewritten as 



(^\ =k,kie-^^ + ^{kl + 2V2k,k,), (7.21) 
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which can be integrated up. One finds that the dependence of ip and i? on y is (up to 
redefinition of constants), the same as the r-dependence of the metric fl6.38p . Finally, 
to determine the behaviour of Q along the geodesic, note that 

- {klu-^ + 2V2kik2Q + Akl). (7.22) 

Suppose that the scalar manifold is symmetric. It is straightforward to show that 
u cannot vanish along any timelike geodesic. This is because, if m — *> 0, then Q ~ m~^, 
and the RHS of the above expression diverges as — 4\^^m~^, whereas the LHS is non- 
negative. The same holds for those null geodesies for which /c| + 2\/2k^k^ + fc| > 0. 

8 Conclusions 

We have derived all possible half-supersymmetric regular near horizon black hole 
solutions in A^ = 2 five-dimensional gauged supergravity; there are four geometries. 
Two of the geometries have already been found in [H [2] . The other two geometries 
are given by: 

i) 

ds^ = {dR - V2g'^Rd^){-2{d(j)' + (3)- V2Q^Rd^) - dip'^ - ds^{M). (8.1) 

where M is §^ M? or H^ and 

dl3 = V2g'^dvo\ (M) . (8.2) 

The scalars X^ are constant. 

ii) 

ds^ = u\dR-V2RdijY-V2{dR-V2Rdij){Qd^-2u-^dz)-u-^di:^ 

+ (-uV-«~')rf0'--«~'(2M"'-g')~MQ' (8.3) 

where the non-constant scalars X^ , u and Q are constrained by 

u-^Xi = xQVi + qi 

for constants qj. 

Our analysis has been entirely local, in particular, we have not assumed that the 
horizon is compact. Furthermore, the enhanced local isometrics which these solutions 
possess appear to depend on the existence of the additional Killing spinors. It is not 
clear which, if any, of these extra isometrics survives away from the near-horizon limit, 
where the solution is only 1/4-supersymmetric. A more detailed investigation of these 
solutions, taking the compactness of the horizon into account, must be undertaken 
in order to fully understand these solutions, or to rule them out. 
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A List of Solutions 

In this Appendix, we present a list of all half supersymmetric solutions, for which at 
least one of the Killing spinors generates a timelike Killing vector. Recall that rfsg 
is a Kahler 4-nianifold, ^ is a Killing vector which is a symmetry of the full solution, 
/ is the t-independent function and fi is a t-independent 1-form on the Kahler base 
B. There are in addition scalars X^ and gauge field strengths F^ . 

A.l Solutions of Type (1) 

These solutions fall into two classes, according as to whether a constant of integration 
6 is zero or non-zero. The co-ordinates on the base space are 0, w, u, v. li 6 ^ 0, then 
the solution is 

+ H-^dv^ + H^v^ sin^ Y{dw^ + du^) , 

n = -^{H^ + ch^f-^)d<P 
2cv 

F^ = d{fX\dt-—{H^-c\^f-'')d(p 

- i^AH' - c'v'rr + — cosF + ^ + cv'r')dw)), 
Zcva c 2c 

for constant c 7^ and constants qj, where Y,H are functions of u,v (sinF 7^ 0) 
satisfying the constraints 

dH' ZT2 • 2,,fo XcvViX' . 
— H V sm Y S 6 



du \ f^ 

dv 



f^(3xV,X' + j,)+co.Y(3^^-9), (A,2) 



and 



—— = sm y —H + 3 1 —- H — sm 2y 3 



du V f^ r J 2 \ r 

dY 1 . ^f^XcvV^ 



dY 1 . f xcvVjX^ 

-— jsmF 3 e]. (A.3) 
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If ^ = 0, then the solution is given by 



dsl = H\d(^+(v(cosY-l)--X)dw? 

X 

+ H-^dv^ + H^v^ sin^ Y{dw^ + du^), 

n = --^iH^ + c\^r'')d<p 

2cv 

+ (—(H^ + c'v^r'')(v + -X)-—cosY)dw, 
2cv X c 

F' = d{pX\dt-—{H^-cWr')d4> 

2cv 

+ (—{H^ - cV/-6)(t; + -X) - — cosF - cv^f-'')dw)). 
2cv X c 

vf-^Xj = XVi + qi, 



(A.4) 



for constants c, g/ (c 7^ 0, g/ = 0, Vf 7^ and X = vf ^-^ for some fixed /). Y,H are 
functions of u, v (sin Y ^ 0) satisfying the constraints flA.2p and flA.Sp with 6 = 0. X 
is also a function of u and v, and satisfies 



9X Xi V T\ ^^ Xrr2 ■ 2v 

-;-— = — (cosr — 1), — — = —H f sm Y . 

ov c ou c 



(A.5) 



A.2 Solutions of Type (2) 

One can choose a co-ordinate f on B together with three f-independent 1-forms a* 
(i = 1, 2, 3) on B orthogonal to ^. There are constants c, 6 {c^ 0) and the solution 
takes one of three types according as c6 is negative, zero or positive. If 6^ 7^ then 

1 . o V 



ds^ 



____A,^ + isC + ch.r'-)(o-)' + ^((a-? + (.'^^1 



V 



(A.6) 



and if 6' = 0, 



ds^ 



.3n2\ 



,2, ,2 f-6 



c^v'^f 



dv' + Ac'^rS'ia'y + 2cMi(^T + (^')') 



(A.7) 



The 1-forms cr* satisfy 
da' -- 



da^ = 0-2 A o-^ rfo-2 = 0-1 A o-^ rfo-^ = -a^ A a^ 



da^ 



a 



A 0-^, da^ = da^ 



He^O then 



whereas if ^ = then 



Q 



cv 



6^1 



/-v 



fi = 2c^t;/-V\ 



if ce>o 




if c^ < 




if ce = Q 






(A.8) 




(A.9) 
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In all cases, the scalars / and X^ are constrained by 

Pi \ 



c ^2v 



for constants pi and 



F^ = d{fxUt). 



(A.IO) 
(A.ll) 



A.3 Solutions of Type (3) 

One can again choose a co-ordinate f on B together with three f-independent 1- 
forms cr* (i = 1,2,3) on B, orthogonal to ^. For these solutions, the scalars X^ are 
constant, and it is convenient to define 

k = ce + <d^x\x'x^ - ^g")\//K7 (A. 12) 

for constants c, ^ (c 7^ 0). The scalar / is given by 

P = V2cv. (A. 13) 

The solution takes one of three types according as the constant A is negative, zero or 
positive. If A 7^ then 



(isg 



+ 



and if A = 0, 



(isg 



7 ^ rdv' + ^ (^- -ev + ^VjX^ ] {a'^' 

i_ -0y+ ^-xv,x^) A2 y2V2cv c 

\2V2cv c ^ J 

CV 



lAI 



{{ar + (err) , 



(A. 14) 



k--0v+ '-fVjXn 



dv^ + 2cH-^ -Ov+ ^-^ViX'){a^f 



'2v^, 



'2V2( 



CV 



+ V2cv{{a^f + {a 



Z\2\ 



(A.15) 



The 1-forms o"* satisfy 

da^ = o-^ A a^, da"^ = a^ /\ a^, da^ = -a^ A o"^ 
da^ = cr^ A c7-^ da^ = da^ = 

If A ^ then 



if A>0 
if A<0 
if A = 



Q 



3xv 



i\^i 



ViX')a 



hcv'^ 2^/2 2 

F^ = d(V2cvX^dt+^{Q^-^ -X^X-^)Vja^ 
\ v2A 

whereas if A = 0, then 



(A.16) 



n = 4(^ + ^v}xV, 



cv^ 2V2 2 
F^ = dfv^cvX^dt + SxiQ^'' ~X^X^)Vja^ 



(A.17) 
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A.4 Solutions of Type (4) 

For the fourth class of solution, the scalars X^ are constant {ViX^ ^ 0), and 

/ = !. (A.18) 

The Kahler base metric is the product of two 2-manifolds 

dsl = ds^{Mi) + ds^{M2) (A. 19) 

where Mi is H^ with Ricci scalar R = -18x^(V/X^)2, and Ms is If, R^ or S^ with 
Ricci scalar R = ISx^Q^'' - X^X'^)ViVj. 
In addition, we have 

dn = 3xViX^dvo\ (Ml), F^ = SxiX^X'^ - g")K7dvol (M2) (A.20) 

where dvol (Mi), dvol (M2) are the volume forms of Mi, M2. 

A. 5 Solutions of Type (5) 

For the fifth class of solutions, there are two types of solution according as (Im A)^ + 
(Im o")^ 7^ 0, or Im A = Im o" = 0. Then if (Im A)^ + (Im o")^ 7^ 0, the co-ordinates 
on the base are 0, z, ip, Q and 



dsl = e^^^ 



(# - ^dz? + #2 + (2M-6f?-2 _ ^-6.g2 _ ^NN^^2 
8 



1 2 

u-'Xj = ^QVi + qi, 
Q 

n = -^e-^'^'^iQd<P- \i^ + 2g\-')dz), 
V2g^ g^ 



F^ = d (u'e'^''^X\dt + fi)) + ^V2xg'^u-^Vi{X^X'^ - ]-Q^^)dz A dQ, 
f = e^V (A.21) 



for constants g/, ^, ^ 7^ 0. 

It is also convenient to define 



g = -e^'^Im A, n= -e^'^Im a, (A.22) 

u u 



then Ti and Q are related to Q by 



27/"° 

Q^=i + Q\^r + ^' + ^')- (A-23) 
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If, however, Im A = Iin o" = 0, then the solutions have constant X^ , and 

^4 = e^^'^{{d(/) + (3f + d^^ + ds\M)), d(3 = V2gMvo\ (M) 

Q = -3xVjX'—^=-^{d<p + f3), 
F^ = d (e'^^''^X\dt + Q)) + GxiX^X'' - -Q^'')Vjdvol (M), 
/ = e^^ (A.24) 

where ^ is a non-zero constant. M is a 2-nianifold which is either §^, M? or H^. 

A.6 Solutions of Type (6) 

For the sixth class of solutions, there are two types of solution according as (Im A)^ + 
(Ini a)^ 7^ 0, or Im A = Im c = 0. Then if (Im A)^ + (Im cr)^ 7^ 0, the co-ordinates 
on the base are 0, z, ip, Q and 

f-^Xi = XVi + qi, where X satisfies f-^ = -^X, 

4x dy 2 ^/2x 

dsl = d(f)^ + d^^ + 2V2(-f-^ + -^Xj{dy^ + dz^), 
dn = ^d(l)Adip + dUV2f-'^ + ^^X)dzj , 
F^ = d(fX\dt + ^)-^r*XUz\. (A.25) 

If, however, Im A = Im a = 0, the scalars X^ are constant, and 

/ = 1. (A.26) 

Then 

ds^^ = d<P^ + dilj^ + ds^{M), (A.27) 

where M is a 2- manifold which is either §^, R^ or H^ according as the Ricci scalar 

(^)i? = -36x'(X^X-' - ]-Q'J)ViVj (A.28) 

is positive, zero, or negative. In addition, one has 

dn = -3xVfX-^(dvol (M) + d(f)A #), 

F^ = -3xX^XVjrf0A# + 3x(X^X-'-Q")Vjdvol (M). (A.29) 
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